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Color superconductivity is a possible phase of high density QCD. We present a systematic derivation of the
transition temperatureTC from the QCD Lagrangian through study of the di-quark proper vertex. With this
approach, we confirm the dependence ofTC on the couplingg, namelyTC;mg25e2k/g, previously obtained
from the one-gluon exchange approximation in the superconducting phase. The diagrammatic approach we
employ allows us to examine the perturbative expansion of the vertex and the propagators. We find an
additionalO(1) contribution to the prefactor of the exponential from the one-loop quark self energy and that
the other one-loop radiative contributions and the two gluon exchange vertex contribution are subleading.

PACS number~s!: 12.38.Aw, 11.15.Ex, 11.10.Wx
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I. INTRODUCTION

Color superconductivity is a possible phase of high d
sity QCD, pioneered by Bailin and Love and others@1#, who
pointed out that the3̄ channel of a di-quark interaction i
attractive through one gluon exchange. Recently, using
effective four-fermion interaction in the superconducti
phase, much work has been carried out on examining
energetically favored condensate which, forNf53, breaks
the original SU(3)c3SU(3) f L3SU(3) f R symmetry to its
diagonal symmetry@2–5#. This color superconductivity
mechanism has been called color-flavor locking.

Several attempts have been made to determine the pa
eters of the superphase from the QCD action@6–12#. In all
cases one arrives at the same dependence of the
temperature gap energy on the QCD running coupling c
stant evaluated at the Fermi energy, namely

D;mg25e2k/g, ~1.1!

wherem is the chemical potential andg the running Yang-
Mills coupling evaluated atm. This dependence upon th
coupling differs significantly from the BCS case,D
;me2k8/g2

, due to the long range propagation of magne
gluons. The coefficientk53p2/A2 was first derived by Son
@7#, and subsequently verified in@9# and @10,11#. The latter
two of these generalized this scaling behavior to the tra
tion temperature and in addition derived its ratio to the z
temperature gap. All of these results were obtained from
perconducting gap equations with one gluon exchange.
such, although they contain the correct leading order beh
ior that determines the dependence of the gap on the
pling, more detailed calculations are required to recover
the leading order contributions to the pre-exponential fac
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In contrast with previous works, we approach the tran
tion temperature from the normal phase, withT!m. There
are several advantages with this approach. First of all,
propagators in the normal phase are not subjected to mo
cations from the long range order, the form of which a
ansatz dependent. This ensures that issues of gauge in
ance and higher order corrections are relatively simple
handle. Secondly, the integral equation for the proper ve
function, which determines the pairing instability, is line
while the gap equation in the superphase is nonline
Thirdly, the hard dense loop contribution to the gluon prop
gator is free from the Meissner effect. Though it has not be
taken into account so far in the gap equation calculation
the superphase, the Meissner effect is nevertheless expe
to alter the pre-exponential factor@9#.

Working directly from the QCD Lagrangian provides
natural framework within which to examine the perturbati
nature of the theory at high density. Indeed, we shall find t
interactions of second order,O(g4), make a leading orde
contribution to the pre-exponential factor and that all high
order contributions are subleading. The sum of these eff
suggests that a derivation of the transition temperature f
the normal phase will not only provide a rigorous verificati
of the results obtained from within the superphase,
should also allow a clean and exact determination of
pre-exponential factor. Combined with the aesthetic ben
of calculating directly from the QCD Lagrangian, this mo
than compensates for the technical complexity of this
proach.

Starting from theSU(N) QCD Lagrangian, the calcula
tion of the transition temperature can be cast easily into th
mal diagrams with gauge invariance manifest. Following
formulation developed by Gor’kov and Melik-Barkhudaro
for the non-relativistic Fermi-gas@13#, which allows for a
©2000 The American Physical Society12-1
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systematic examination of the higher order contributions,
calculate the transition temperature to leading order in c
pling and obtain

pkBTC5mg25cc8e2A(6N)/(N11)(p2/g), ~1.2!

where up to a constant ofO(1), c51024A2p4Nf
25/2, in

agreement with @9–11#, and the exponent
2A6N/(N11)p2/g, in agreement with@7,9–11#, are deter-
mined by the leading order one gluon exchange process.
previously unreported factor

c85expF2
1

16
~p214!~N21!G.0.1766 for N53,

~1.3!

comes from the logarithmic suppression of the quasi-part
weight in the dressed quark propagator. For Landau da
ing, obtained in the hard dense loop approximation, the c
tribution to the prefactor from two gluon exchange diagra
is subleading ing. This, however, is not the case for a hyp
thetical static screening case where the perturbative natu
completely spoiled by infrared log-enhancement in hig
orders.

II. CALCULATION OF THE QCD TRANSITION
TEMPERATURE

We consider anSU(N) color gauge field coupled toNf
flavors of massless quarks with the Lagrangian density

L52
1

4
Fmn

a Fmn
a 2c̄ fgm~]m2 igAm!c f , ~2.1!

where Fmn
a 5]mAn

a2]nAm
a 1g fabcAm

b An
c , Am5Am

a ta with ta

theSU(N) generator in its fundamental representation. Sin
the Lagrangian~2.1! is diagonal with respect to both flavo
and chirality, the corresponding indices will be dropped b
low.

We derive the transition temperature by investigating
onset of the pairing instability in the proper vertex functi
corresponding to the scattering of two quarks at non-z
temperature and chemical potential. This vertex funct
with zero total momentum and zero total Matsubara ene
Gs3 ,s4 ;s1 ,s2

c3 ,c4 ;c1 ,c2(n8,nupW 8,pW ), is shown in Fig. 1, wheren andn8

label the Matsubara energiesinn5(2p i /b)(n1 1
2 ) of indi-

vidual quarks. Each of the superscriptsc, which denote
color, are associated with a leg. The subscriptss, which label

FIG. 1. Proper vertex function,Gs3 ,s4 ;s1 ,s2

c3 ,c4 ;c1 ,c2(n8,nupW 8,pW ).
11401
e
-

he

le
p-
n-
s

is
r

e

-

e

o
n
y,

the states above or below the Dirac sea, are either1 or 2.
We find it convenient for the partial wave analysis to as
ciate the Dirac spinorsu(pW ) and v(pW ), which satisfy the
Dirac equations (g4p2 igW •pW )u(pW )50 and (g4p2 igW

•pW )v(pW )50, to the quark-gluon vertex instead of to th
quark propagator. Therefore, wheres5(s1 ,s2) represents
the incoming subscripts ands85(s3 ,s4) represents the out
going subscripts, suppressing the color indices a
momentum-energy dependence, we write

Gs8;s5Ūg~s3 ,pW 8!Ūd~s4 ,2pW 8!Ggd,abUa~s1 ,pW !Ub~s2 ,2pW !.
~2.2!

The vertex functionGgd,ab is given by conventional Feyn
man rules, andU(s,pW )5u(pW ) or v(2pW ) for s51 or 2,
respectively. The proper vertex function satisfies a Dys
Schwinger equation as shown in Fig. 2. This integral eq
tion of Fredholm type may be written with all indices su
pressed as

G~n8,nupW 8,pW !5G̃~n8,nupW 8,pW !1
1

b (
m

E d3qW

~2p!3

3K~n8,mupW 8,qW !G~m,nuqW ,pW !, ~2.3!

whereG̃ represents the two quark irreducible vertex with
indices defined in the same way as forG. The kernel has the
explicit form

Ks3 ,s4 ;s1 ,s2

c3 ,c4 ;c1 ,c2~n8,mupW 8,qW !5G̃s3 ,s4 ;s1 ,s2

c3 ,c4 ;c1 ,c2~n8,mupW 8,qW !Ss1
~muqW !

3Ss2
~2mu2qW !, ~2.4!

where we writeSs(nupW ) for the full quark propagator with
momentumpW and Matsubara energyinn . The zeroth order
quark propagator reads

Ss~nupW !5
i

inn2sp1m
, ~2.5!

and the diagrammatic expansion ofG̃ to O(g4) is displayed
in Fig. 2.

The transition temperature may be obtained from E
~2.3! by examining the Fredholm determinant,D[det(1
2K), which is a function ofT andm. TC is then given by
the highest temperature at whichD(T,m) vanishes. To dem-
onstrate the gauge invariance of this formulation, we nee

FIG. 2. The Schwinger-Dyson equation. As in Fig. 1,G is rep-

resented by singly hashed vertices andG̃ is represented by doubly

hashed vertices. The expansion ofG̃ is given up toO(g4).
2-2
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PERTURBATIVE NATURE OF COLOR SUPERCONDUCTIVITY PHYSICAL REVIEW D61 114012
extend the integral equation~2.3! to include scattering with
arbitrary total momentum and energy. Denote byK8 the ker-
nel for which either the total momentum or the total ener
or both are nonzero. Then the Fredholm determinant w
arbitrary total momentum and energy factorizes as

D̂5det~12K !det~12K8!. ~2.6!

On the other hand, lnD̂ is given by the sum of bubble dia
grams shown in Fig. 3. They are in fact manifestly gau
invariant as may be seen following the argument given
@14#.

For the rest of this paper, we shall work in Coulom
gauge, in which the full gluon propagator takes the form

Di j ~kW ,v!5DM~kW ,v!S d i j 2
kikj

kW2 D , ~2.7!

D44~kW ,v!5DE~kW ,v!, ~2.8!

and

D4 j~kW ,v!5D j 4~kW ,v!50. ~2.9!

SinceG corresponds to di-quark scattering it can be d
composed into irreducible representations ofSU(N) by ei-
ther symmetrization@representation6 for SU(3)] or anti-
symmetrization@representation3̄ for SU(3)] among the
initial and final color indices, i.e.,

Gs8,s
c8,c

~n8,nupW 8,pW !5A2dc1(c3dc4)c2Gs8,s
S

~n8,nupW 8,pW !

1A2dc1[c3dc4]c2Gs8,s
A

~n8,nupW 8,pW !,

~2.10!

where (•••) and@•••# denote symmetrization and antisym
metrization with weight one, respectively.G̃ may be decom-
posed similarly. Since the Fermi surface has a pairing in
bility in the presence of even an arbitrarily weak attract
interaction, as is also the case for BCS theory, we need
focus on the attractive antisymmetric channel for no
Abelian theories.

Both G̃s8,s
A (n8,nupW 8,pW ) and Gs8,s

A (n8,nupW 8,pW ) can be ex-
panded in terms of Legendre polynomials, i.e.,

Gs8,s
A

~n8,nupW 8,pW !5(
l

gs8,s
l

~n8,nup8,p!Pl~cosu!.

~2.11!

FIG. 3. The bubble diagrams.
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Substituting such expansions into Eq.~2.3!, we find another
Fredholm equation satisfied bygs8,s

l (n8,nup8,p):

gs8,s
l

~n8,nup8,p!5g̃s8,s
l

~n8,nup8,p!1
1

b (
m,s9

E
0

`

dq

3Ks8,s9
l

~n8,mup8,q!gs9,s
l

~m,nuq,p!,

~2.12!

where the kernelKs8,s
l has the form

Ks8,s
l

~n8,nup8,p!5
p2g̃s8,s

l
~n8,nup8,p!

2p2~2l 11!
Ss1

~nup!Ss2
~2nup!.

~2.13!

We consider thel 50 term in the partial wave expansion
although the higher partial wave terms may contribute@9#.

The Fredholm determinant of Eq.~2.12! with l 50 can be
written asD5) j (12l j

22) with l j
2 the eigenvalues~labeled

by the integer suffixj ) defined by the homogeneous equ
tion,

f s8~n,p!5l2
1

b (
m,s

E
0

`

dq Ks8,s
0

~n,mup,q! f s~m,q!.

~2.14!

At sufficiently high temperature, alll j
2.1, so thatDÞ0 and

there is no instability—the theory is in the normal phase.
the temperature is reduced, we find the transition tempera
to the superconducting phase is that at which the smalles
$l j

2% reaches one. The solution of Eq.~2.14! provides the
eigenvalues in terms of the parameters of the theory;
temperature, coupling and chemical potential. Hence the
version of l0

2(T,g,m)51, wherel0 is the smallest eigen
value, yields the transition temperatureTc .

In the presence of a Fermi sea, hard dense loops hav
be included in the gluon propagator. As a result, the C
lomb interaction is strongly screened by the Debye leng
lD5mD

21 , where

mD
2 5

Nfg
2

p2 E
0

`

dq q
1

eb(q2m)11
.

Nfg
2m2

2p2
. ~2.15!

The dressed Coulomb propagator at momentum-ene
(kW ,iv) reads

DE~kW ,v!5
2 i

kW21sE~kW ,v!
, ~2.16!

with sE(kW ,v).mD
2 for v!k!m. However, the magnetic

interaction is poorly screened. While a magnetic mass m
exist, of orderT, Landau damping@15# prevails atm@kBT.
In this case the propagator for a magnetic gluon is

DM~kW ,v!5
2 i

kW21v21sM~kW ,v!
. ~2.17!
2-3
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WILLIAM E. BROWN, JAMES T. LIU, AND HAI-CANG REN PHYSICAL REVIEW D 61 114012
The only region of infrared sensitivity on the (k,v)-plane is
v!k!m wheresM(kW ,v).(p/4)mD

2 (uvu/ukW u). To g2 order,

the contribution tog̃11
0 (n8,nup8,p) arises from the one

gluon exchange diagram of Fig. 2 and is given by

g̃11
0 ~n8,nup8,p!52

g2

12p8p
S 11

1

ND
3F ln

8m3

up82pu31
p

4
mD

2 unn82nnu

1
3

2
ln

4m2

mD
2 G , ~2.18!

where a term finite in the limitg→0 has been dropped. T
the leading order of lnm/kBT, the summation over Matsubar
energy can be replaced by an integral andup82pu3 ignored.
Furthermore, the componentsf 12 , f 21, and f 22 can be
neglected and the integral overq can be carried out for a
solution smooth in the neighborhood of the Fermi seap
.m. Equation~2.14! is then approximated by

f ~n!5E
e

n0 dn̂8

n̂8
K~n,n8! f ~n8!, ~2.19!

where

n̂5
Nf

5/2g5

1024A2p4m
n, ~2.20!
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e5
Nf

5/2g5kBT

1024A2p3m
. ~2.21!

The reduced kernelK(n,n8) is given by

K~n,n8!5
l2

2

g2

24p2S 11
1

ND S ln
1

un̂2 n̂8u
1 ln

1

un̂1 n̂8u
D ,

~2.22!

with an ultraviolet cutoffn0;1 introduced. The eigenvalu
problem~2.19! can be solved using the same approximat
employed by Son@7#, which amounts to replacing the kern
of Eq. ~2.19! with (2/n̂8)ln 1/n̂. wheren̂.5max(n̂,n̂8). We
find that

l j
2 g2

24p2 S 11
1

ND ln2
1

e
5S j 1

1

2D 2

p2, ~2.23!

wherej is an integer and

f ~n!.A 2

ln 1/e
sinF S j 1

1

2Dp
ln 1/n̂

ln 1/e
G . ~2.24!

Setting the smallest eigenvalue to one, namelyl0
251, we

finally arrive at the exponent and the prefactorc of Eq. ~1.2!.
Here we wish to highlight the mathematical structure

Eq. ~2.3! which characterizes the long range attractive int
action. If, instead, the pairing interaction was of a short ran
nature, the transition temperature could be located by me
of the standard expansion of the Fredholm determinant
D~l!512
1

b (
n
E

0

`

dp K~n,pun,p!1
1

2b2 (
n,n8

E
0

`

dpE
0

`

dqU K~n,pun,p! K~n,pun8,q!

K~n8,qun,p! K~n8,qun8,q!
U1•••. ~2.25!
Eq.

led

of
er

ng
Themth term in the expansion on the right hand side conta
m kernels folded together and for a short range interac
would be of the orderg2mln(1/e) since there is only one
eigenvalue ofK which diverges as ln(1/e) in the limit e
→0. At the transition temperature one would ha
g2ln(1/e);1, and thus the order of magnitude of the sub
quent terms would beg2(m21). Therefore only the first two
non-trivial terms (m51,2) would be sufficient to determin
the transition temperature up to the leading order of the p
exponential factor. On the other hand, for the present l
range attraction of the QCD model, the logarithm in the k
nel of Eq.~2.14! makes themth term of the expansion~2.25!
of the orderg2mln2m(1/e) since there are now an infinit
number of eigenvalues ofK which diverge as ln2(1/e) in the
limit e→0, as indicated in Eq.~2.23!. Hence the series can
not be truncated atTC , and a new method has to be em
ployed to fix both the exponent and the prefactor.
s
n

-

e-
g
-

Note that the second term on the right hand side of
~2.25! is in fact logarithmically infinite for the kernel~2.13!.
On the other hand, this term corresponds to the sum(l j

22

which is convergent according to Eq.~2.23!. The reason for
this apparent paradox lies in Son’s approximation, which
to the eigenvalues given in Eq.~2.23!. When the approxima-
tion is corrected, the eigenvalues instead become

l j
225

g2

24p4 S 11
1

ND F S j 1
1

2D 22

ln2
1

e
1cj G , ~2.26!

with cj; j 21 for j @1 @16#, which explains the appearance
the logarithmic divergence in this term when summing ov
j.

It is interesting to note that a similar non-BCS scali
behavior of the type indicated in Eq.~1.1! was obtained via a
2-4
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PERTURBATIVE NATURE OF COLOR SUPERCONDUCTIVITY PHYSICAL REVIEW D61 114012
mean field calculation of 2D superconductivity at the v
Hove singularity of the electronic density of states@17#.

III. HIGHER ORDER CORRECTIONS

We now come to the question of higher order correctio
to the kernel from the perturbative expansion of the qu
propagator and the irreducible vertexG̃. These become im
portant if sufficient powers of the infrared logarithm acco
pany the coupling constantg2. It follows from Eq.~1.2! that
lnm/kBTC;1/g at the transition temperature. Thus, if th
O(g4) contribution toKs8,s

0 is of the formg4lndm/unn82nnu or
g4lndm/unn8u, its magnitude relative to theO(g2) term given
by Eq. ~2.18! will be g32d. The perturbative robustness o
the exponent then requires thatd,3; robustness of the pref
actor requiresd,2. We find with Landau damping thatd
52; one logarithm originates from the leading order ofg̃,
Eq. ~2.18!, and the second from the self-energy of quarks@7#.
Therefore there will be anO(1) correction to the prefactor

Parametrizing the dressed quark propagator above
Dirac sea as

S1~p0 ,pW !5
i

p02p1m2S~p0 ,pW !
, ~3.1!

we find, to one loop order, that

]

]p0
ReS~p0 ,pW !up5m52

N221

N

g2

24p2
ln

m3

mD
2 max~ up0u,kBT!

,

~3.2!

while (]/]p)ReS(p0 ,pW )up5m remains finite in the limitp0

→0. For a Matsubara energyp05 inn5 i (2p/b)(n1 1
2 ), we

thus have

S1~nup!5
i

i S 11
N221

N

g2

24p2 ln
m3

mD
2 unnu D nn2p1m

.

~3.3!

Following the steps which lead from Eq.~2.16! to Eq.~2.22!
above, the inclusion of this effect amounts to replacing
reduced kernelK(n,n8) by K(n,n8)1DK(n,n8) where

DK~n,n8!52
N221

N

g2

24p2
K~n,n8!ln

1

n̂8
. ~3.4!
11401
s
k

-

he

e

TreatingDK(n,n8) as a perturbation, the shift of the eige
value in Eq.~2.23! with j 50 turns out to be

d
1

l0
2

5E
e

n0 dn̂

n̂
E

e

n0 dn̂8

n̂8
f 0~n!DK~n,n8! f 0~n8!

52
2~p214!

p4 S 11
1

N
D N221

N
S g2

24p2D 2

ln3
1

e
.

~3.5!

The condition for the critical temperature,l0
251, now be-

comes

g2

6p4 S 11
1

N
D ln2

1

e

2
2

p4 S g2

24p2D 2S 11
1

N
D N221

N
~p214!ln3

1

e
51, ~3.6!

the solution of which, for smallg, gives rise to the resul
~1.2! with bothc andc8. The logarithmic dependence of Eq
~3.2! upon the coupling constantg, written in mD

2 , will
change the prefactorg25 of Eq. ~1.2! to g251O(g). However
this correction is of higher order.

Other higher order corrections tog̃ have also been par
tially addressed in the literature. The vertex correction h
been discussed in@9# and some renormalization group arg
ments have been applied to the straight box diagrams of
gluon exchange@7#, which was conjectured to be of the sam
order as the crossed box diagram. For the case of Lan
damping, our analysis of the vertex correction is in agr
ment with @9#, indicating anO(g) contribution to the pref-
actor. We also find that the crossed box diagram is free fr
any logarithmic enhancement and so its contribution is s
pressed relative to the one gluon exchange by a facto
g2/ln(m/kBT) @18#. On the other hand, the straight box di
gram, which corresponds to the convolution of two sing
gluon exchange kernels, is logarithmically divergent atT
50 and contains all the powers of logarithms atTÞ0 nec-
essary to produce the result of the ladder sum implicit in E
~2.14!.

The crossed box contributes tog̃11
0 a term
ral for
B52
1

2
g4E

21

1

d cosuE
2`

` dv

2pE d3 lW

~2p!3
Dmm8S lW2

qW

2
,iv DDnn8S lW1

qW

2
,iv D @ ū~pW 8!gmSF~PW 1 lW,iv!gnu~pW !#

3@ ū~2pW 8!gn8SF~2PW 1 lW,iv!gm8u~2pW !#, ~3.7!

whereupW u5upW 8u5m, PW 5 1
2 (pW 1pW 8), qW 5pW 2pW 8 and the summation over Matsubara energy has been replaced by an integ

T!m. Ignoring the Coulomb propagator, the contribution from the small scattering angle,uuu,u0!1, and infrared region,
IR: u lWu!m and uvu!m,
2-5
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BIR52
1

2
g4E

2u0

u0
du sinuE

IR

dv

2p

d3 lW

~2p!3
Dii 8S lW2

qW

2
,iv DD j j 8S lW1

qW

2
,iv D @ ū~pW 8!g iSF~PW 1 lW,iv!g ju~pW !#

3@ ū~2pW 8!g j 8SF~2PW 1 lW,iv!g i 8u~2pW !#, ~3.8!

is bounded:BIR<b where

b[
1

32p4m2E
0

u0
duE

IR
dr d3rW

r 1r 2uE1E22r2u
~r 1

3 1kuru!~r 2
3 1kuru!~r21E1

2 !~r21E2
2 !

. ~3.9!

HereE65uPW 6 lWu/m21, r 65u lW6qW u/m, r5uvu/m andk5(p/4)(mD
2 /m2). Transforming the integration variables fromu,rW to

E6 ,r 6 , we end up withb5(1/32p4m2)*0drK(r) where

K~r!5E dE1dE2dr1
2 dr2

2 J
r 1r 2uE1E22r2u

~r 1
3 1kuru!~r 2

3 1kuru!~r21E1
2 !~r21E2

2 !
, ~3.10!
th
s

pa

o
ca
o

We

nce
-
n
ing
nts

ng
re-

on
au

an-
al

have

tor
ic
ra-
the

-

ed
with the Jacobian

J5@~E12E2!424~r 1
2 1r 2

2 !~E12E2!2

216~E11E2!2116r 1
2 r 2

2 #21/2. ~3.11!

As r→0, we find thatK(r)→const3 r22/3 up to some
power of lnr. ThereforeBIR as well asB is free from infra-
red divergences.

For the sake of comparison, we have also examined
O(g4) corrections with only a static mass gap for gluon
m!m. This amounts to replacing the magnetic gluon pro
gator ~2.17! by

DM~kW ,v!5
2 i

v21kW21m2
. ~3.12!

The integration over the Euclidean energy can be carried
readily by the residue theorem and the remaining integral
be classified according to the contributions from the glu
and quark poles. Denoting theO(g4) contribution tog̃11

0 by

Dg̃, we find to the leading order in lnm/m

TABLE I. Leading log coefficients.

Transverse Covariant
with FS without FS with FS without FS

g1 21/4 21/4 0 0
q1 0 0 0 0
g2 0 0 22/3 22/3
q2 1/16 0 1 0
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Dg̃5
g4

2p2F 1

2N S 11
1

ND c12
1

4 S N2
2

N
2

1

N2D c2G ln3
m

m
,

~3.13!

where c1 corresponds to the vertex corrections andc2
corresponds to the crossed box diagram in Fig. 2.
write c15g11q1 and c25g21q2, where g1 and g2
come from the gluon poles andq1 and q2 come from
the quark poles, respectively. Theg and q coefficients
are tabulated in Table I for various cases. This prese
of ln3m/m will ruin the perturbative nature of the formula
tion, providedm;T. At this point, the difference betwee
Landau damping and static screening is clear. To the lead
order of one gluon exchange, the difference merely amou
to the substitution of the static screening mass bymD

2/3uvu1/3,
with v the Euclidean energy transfer anduvu!m. This is
not at all the case for higher order corrections, includi
two gluon exchange, even though the infra-red sensitive
gion for the loop momentum of the quark pole contributi
in the case of static screening coincides with that of Land
damping.

IV. CONCLUSION

In conclusion, we have derived the superconducting tr
sition temperature with thermal diagrams in the norm
phase. This ensures gauge invariance to all orders. We
also examined systematically theO(g4) corrections and
found an additional contribution to the pre-exponential fac
of Tc in the literature. Unlike the situations with stat
screening, Landau damping significantly improves the inf
red behavior of the higher order diagrams and makes
perturbative expansion of the prefactor in terms ofg legiti-
mate.

In a forthcoming publication@16#, we develop a perturba
tive formulation that enables us to eliminate theO(1) uncer-
tainty of the prefactorc of Eq. ~1.1!. Since the perturbative
expansion is given in terms ofg or g ln g, the application to
realistic situations is in fact rather limited. As was point
2-6
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out in @9#, even with asymptotic freedom,g50.67 at m
51010 MeV, and yet the energy scale probed at the BN
Relativistic Heavy Ion Collider~RHIC! is only a few hun-
dred Mev. Nevertheless, it reveals some novel propertie
superconductivity induced by a long range interaction wh
has not yet been fully examined in the literature.
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11401
of
h

ACKNOWLEDGMENTS

We are grateful to R. Pisarski and D. Rischke for stim
lating discussions and valuable suggestions at various st
of this work. Research supported in part by the U.S. Dep
ment of Energy under Grant No. DOE-91ER40651-TASK
.

ys.

hat
rder
@1# D. Bailin and A. Love, Phys. Rep.107, 325 ~1984!, and refer-
ences therein.

@2# M. Alford, K. Rajagopal, and F. Wilczek, Phys. Lett. B422,
247 ~1998!.

@3# R. Rapp, T. Schaeffer, E.V. Shuryak, and M. Velkovsky, Ph
Rev. Lett.81, 53 ~1998!.

@4# M. Alford, K. Rajagopal, and F. Wilczek, Nucl. Phys.B537,
443 ~1999!.
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