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Color superconductivity is a possible phase of high density QCD. We present a systematic derivation of the
transition temperatur@: from the QCD Lagrangian through study of the di-quark proper vertex. With this
approach, we confirm the dependenceTgfon the couplingg, namelyTc~ wg~°e~*9, previously obtained
from the one-gluon exchange approximation in the superconducting phase. The diagrammatic approach we
employ allows us to examine the perturbative expansion of the vertex and the propagators. We find an
additionalO(1) contribution to the prefactor of the exponential from the one-loop quark self energy and that
the other one-loop radiative contributions and the two gluon exchange vertex contribution are subleading.

PACS numbdps): 12.38.Aw, 11.15.Ex, 11.10.Wx

I. INTRODUCTION In contrast with previous works, we approach the transi-
tion temperature from the normal phase, witk€ . There
Color superconductivity is a possible phase of high denare several advantages with this approach. First of all, the
sity QCD, pioneered by Bailin and Love and othgt§ who  propagators in the normal phase are not subjected to modifi-
pointed out that thed channel of a di-quark interaction is cations from the long range order, the form of which are
attractive through one gluon exchange. Recently, using aansatz dependent. This ensures that issues of gauge invari-
effective four-fermion interaction in the superconductingance and higher order corrections are relatively simple to
phase, much work has been carried out on examining ahandle. Secondly, the integral equation for the proper vertex
energetically favored condensate which, féy=3, breaks function, which determines the pairing instability, is linear
the original SU(3)°x SU(3)"tx SU(3)'r symmetry to its  while the gap equation in the superphase is nonlinear.
diagonal symmetry[2-5]. This color superconductivity Thirdly, the hard dense loop contribution to the gluon propa-
mechanism has been called color-flavor locking. gator is free from the Meissner effect. Though it has not been
Several attempts have been made to determine the paragyken into account so far in the gap equation calculations in
eters of the superphase from the QCD ac{i6r12. In all  the syperphase, the Meissner effect is nevertheless expected
cases one arrives at the same depend_ence of _the ZeIQ alter the pre-exponential factfd].
temperature gap energy on the QCD running coupling €on- \yorking directly from the QCD Lagrangian provides a
stant evaluated at the Fermi energy, namely natural framework within which to examine the perturbative
nature of the theory at high density. Indeed, we shall find that
A~pg e "9, (1.1 interactions of second orde®(g*), make a leading order
contribution to the pre-exponential factor and that all higher
where u is the chemical potential anglthe running Yang- order contributions are subleading. The sum of these effects
Mills coupling evaluated aj. This dependence upon the suggests that a derivation of the transition temperature from
coupling differs significantly from the BCS case\ the normal phase will not only provide a rigorous verification
NMe_K,/QZ, due to the |Ong range propagation of magneticOf the results obtained from within the Supel’phase, but
gluons. The coefficient = 37%/\/2 was first derived by Son should also allow a clean and exact determination of the
[7], and subsequently verified [®] and[10,11]. The latter ~ Pre-exponential factor. Combined with the aesthetic benefit
two of these generalized this scaling behavior to the transiof calculating directly from the QCD Lagrangian, this more
tion temperature and in addition derived its ratio to the zerdhan compensates for the technical complexity of this ap-
temperature gap. All of these results were obtained from suproach.
perconducting gap equations with one gluon exchange. As Starting from theSU(N) QCD Lagrangian, the calcula-
such, although they contain the correct leading order behawtion of the transition temperature can be cast easily into ther-
ior that determines the dependence of the gap on the counal diagrams with gauge invariance manifest. Following the
pling, more detailed calculations are required to recover alformulation developed by Gor'’kov and Melik-Barkhudarov
the leading order contributions to the pre-exponential factorfor the non-relativistic Fermi-gagl3], which allows for a
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FIG. 1. Proper vertex functlorfg3 ;:4 Scl Scz(n .np’.p).
he states above or below the Dirac sea, are eithar —.

e find it convenient for the partial wave analysis to asso-

ciate the Dirac splnor$|(p) and v(p) which satisfy the

Dirac equations (/4p—|y p)u(p)—O and (74p—|'y
-5)1;(5):0, to the quark-gluon vertex instead of to the
quark propagator. Therefore, whese=(s;,S,) represents
the incoming subscripts arel =(s3,s,) represents the out-

agreement  with [9-11], and the  exponent, : - . -
. . going subscripts, suppressing the color indices and
—JBN/(N+1)7?/g, in agreement wit7,9—11, are deter- momentum-energy dependence, we write
mined by the leading order one gluon exchange process. The

previously unreported factor [o .=

systematic examination of the higher order contributions, w
calculate the transition temperature to leading order in cou-
pling and obtain

ke Te=pg Scc'e” EN(NFT)(n?g) (1.2

where up to a constant dd(1), c=1024/27*N;>?, in

PIT 505U a(S1,P)Up(S2,—P).

U,(s3.p U (sS4,
(2.2

1
c’ =exp[ - 1—6(772+4)(N— 1)|=0.1766 forN=3,
(1.3

The vertex functionl’ 5 .5 is given by conventional Feyn-

man rules, andJ(s,p)=u(p) or v(—p) for s=+ or —
respectively. The proper vertex function satisfies a Dyson-
%chwmger equation as shown in Fig. 2. This integral equa-
Rion of Fredholm type may be written with all indices sup-
éaressed as

comes from the logarithmic suppression of the quasi-particl
weight in the dressed quark propagator. For Landau dam
ing, obtained in the hard dense loop approximation, the con
tribution to the prefactor from two gluon exchange diagram
is subleading irg. This, however, is not the case for a hypo-
thetical static screening case where the perturbative nature is
completely spoiled by infrared log-enhancement in higher
orders.

I'(n'.nlp’,p)=T(n",n|p’ p)+ 2 f(zw)s

XK(n',m[p’,@)'(m,n|g,p), (2.3

Il. CALCULATION OF THE QCD TRANSITION wherel represents the two quark irreducible vertex with all

TEMPERATURE indices defined in the same way as farThe kernel has the
We consider arBU(N) color gauge field coupled thi;  explicit form
flavors of massless quarks with the Lagrangian density € .0a11.Cs

Kot s’ mlp’ ) =T 2 et 22(n’,mlp’,q) Sy, (mlg)

EZ_ZFZVFZV_ZTVM(&M_igA#)wf’ 2D

XS (—m|- 2.4
where F3 =3,A3—3,A%+gf2*APAS | A, =A%t with t2
the SU(N) generator in its fundamental representation. Sinc
the Lagrangiar(2.1) is diagonal with respect to both flavor
and chirality, the corresponding indices will be dropped be-
low.

We derive the transition temperature by investigating the
onset of the pairing instability in the proper vertex function
corresponding to the scattering of two quarks at non-zerg
temperature and chemical potential. This vertex funct|0n
with zero total momentum and zero total Matsubara energy,

ng ;: 51 Scz(n .n|p’.p), is shown in Fig. 1, whera andn’
label the Matsubara energies,=(2i/B)(n+3) of indi-

where we WriteSS(n||5) for the full quark propagator with

‘?nomentumf) and Matsubara energy,,. The zeroth order
quark propagator reads

Si(nlp)=: 2.5

iva—sptu’

and the diagrammatic expansionidfto O(g?) is displayed

n Fig. 2.

The transition temperature may be obtained from Eq.
(2.3) by examining the Fredholm determinarf@=det(1
—K), which is a function ofT and . T is then given by

vidual quarks. Each of the superscripts which denote
color, are associated with a leg. The subscriptshich label

the highest temperature at whiéiT,«) vanishes. To dem-
onstrate the gauge invariance of this formulation, we need to
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Substituting such expansions into Eg.3), we find another
Fredholm equation satisfied t@y}s,vs(n’,n|p’,p):

1
I ’ ’ ~I ’ ’
75”s(n ’nlp vp):’yS’vs(n ’n|p 'p)+32
m,s”
FIG. 3. The bubble diagrams. XKy o(n",mlp’,9)v4, (mnlg,p),

extend the integral equatidi2.3) to include scattering with (2.12
arbitrary total momentum and energy. Denotekdythe ker- where the kerneK . has the form
nel for which either the total momentum or the total energy
or both are nonzero. Then the Fredholm determinant with p2~ (n".nlp’.p)
arbitrary total momentum and energy factorizes as K' / R ’
’ n ,n 3 - —nNn .
s .s(N".N[p".p) 22T 1) S;,(n|p)Ss,(—nlp)

D=de(1—K)de(1-K"). (2.6) (2.13

On the other hand, I is given by the sum of bubble dia- We consider thd =0 term in the partial wave expansion,

grams shown in Fig. 3. They are in fact manifestly gauge?!though the higher partial wave terms may cgntrit[lﬁl]e
invariant as may be seen following the argument given in | he Fredholm determinant of E(2.12) with | =0 can be

[14]. written asD=11;(1—\; ) with A the eigenvalueflabeled

For the rest of this paper, we shall work in Coulomb Py the integer SUffDq) defined by the homogeneous equa-
gauge, in which the full gluon propagator takes the form tion,

K _y21 J“ 0
D”(E'w):DM(E,w)(5”_k.j§), og  fep=NES | dgK (nmlp.a)fima).
k (2.14
DK, w)= DE(K, ), (2.8  Atsufficiently high temperature, a)uf> 1, so thatD#0 and
there is no instability—the theory is in the normal phase. As
and the temperature is reduced, we find the transition temperature
to the superconducting phase is that at which the smallest of
D4J-(E,w)=Dj4(IZ,w)=O. (2.9 {)\J-Z} reaches one. The solution of E@.14) provides the

eigenvalues in terms of the parameters of the theory; the
SinceT corresponds to di-quark scattering it can be detemperature, coupling and chemical potential. Hence the in-
composed into irreducible representationsSad(N) by ei-  Vversion of\§(T.g,u)=1, wherel, is the smallest eigen-
ther symmetrizatio{representatioré for SU(3)] or anti-  value, yields the transition temperaturg.

symmetrization[representation3 for SU(3)] among the In the presence of a Fermi sea, hard dense loops have to
initial and final color indices, i.e., be included in the gluon propagator. As a result, the Cou-

lomb interaction is strongly screened by the Debye length,
, . . —m-1
TS sn’,nlp’,p)=25%6%%r S, (n',n|p’,p) ho=Mo, where
- > 2 ry 2,2
+\/§5c1[c3504]czl—‘3 S(n/’n|p/’p)’ mZZNfg f dq 1 2Nfg M (2.15
’ D™ 72 eBla-wy1  o2g2 T
(2.10

where (---) and[ - - - ] denote symmetrization and antisym-

metrization with weight one, respectivelly.may be decom-
posed similarly. Since the Fermi surface has a pairing insta-

The dressed Coulomb propagator at momentum-energy
(K,i ) reads

bility in the presence of even an arbitrarily weak attractive DE(K, @)= ————, (2.16

interaction, as is also the case for BCS theory, we need only k?+o5(k, )

focus on the attractive antisymmetric channel for non-

Abelian theories. with aE(IZ,w):m% for o<k<<u. However, the magnetic
Both 1”“’; S(n',n|5',5) and rg S(n’,n|§’,§) can be ex- interaction is poorly screened. While a magnetic mass may

panded in terms of Legendre polynomials, i.e., exist, of orderT, Landau damping15] prevails atu>kgT.

In this case the propagator for a magnetic gluon is

% (n'.nlp’.p)=2 7, «(n'.n|p’,p)P(coso). - —i
' DY(K,0)= 57— (2.17
(2.11) ke+ w+ " (K,w)
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The only region of infrared sensitivity on thé,)-plane is
w<k<u whereaM(K,w)=(7/4)m3(|w|/|k|). To g? order,
the contribution to}3+(n’,n|p’,p) arises from the one-
gluon exchange diagram of Fig. 2 and is given by

2 1
Y2.(n".nlp’.p)=— (1+—)
Y++ ) ) 120'p N
8 3
X[ In 7TM
[P’ =PI+ 7 mp| vy — vl
3 4u?
—mmi , (2.18
D

where a term finite in the limig—0 has been dropped. To
the leading order of Ip/ksT, the summation over Matsubara
energy can be replaced by an integral 4pt p|® ignored.
Furthermore, the components _, f_,, andf__ can be
neglected and the integral ovgrcan be carried out for a
solution smooth in the neighborhood of the Fermi spa,
= . Equation(2.14) is then approximated by

f(v)zfvoi—V,IC(v,v’)f(v’), (2.19

where
525
~ N7 g
14

-, 2.2
102427 1 29

D()\)—l—i
=1-52

o0 1 £ o0
> f dp K(n,p|n,p)+ — > f dpf dq
0 2B Jo 0
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and
N5/2 5k T
_ﬁ_ (2.20)
10242731
The reduced kernéC(v,v") is given by
K(v,v')= 292 1+1)I l+| !
v,V )= N——= N————=
2 24m? N lv—=v'| v+ v|
(2.22

with an ultraviolet cutoffvy~1 introduced. The eigenvalue
problem(2.19 can be solved using the same approximation
employed by Sof7], which amounts to replacing the kernel

of Eq. (2.19 with (2/2")In 1/v- where v- =max{,»'). We

find that
S DU NP S B
A a? N In j+ 5| 7 (2.23
wherej is an integer and
f [ 2 1\ Inl/w -
=N 2) " in e (2.29

Setting the smallest eigenvalue to one, namef;yt 1, we
finally arrive at the exponent and the prefaatmf Eq. (1.2).

Here we wish to highlight the mathematical structure of
Eq. (2.3 which characterizes the long range attractive inter-
action. If, instead, the pairing interaction was of a short range
nature, the transition temperature could be located by means
of the standard expansion of the Fredholm determinant

K(n,p|n",q)
K(n',qg|n’,q)

K(n,p|n,p)

K(n’,q|n,p) (229

Them' term in the expansion on the right hand side contains Note that the second term on the right hand side of Eq.
m kernels folded together and for a short range interactiori2.25 is in fact logarithmically infinite for the kernd€R.13).

would be of the ordeg®™In(1/e) since there is only one
eigenvalue ofK which diverges as In(&) in the limit €

On the other hand, this term corresponds to the

which is convergent according to E@.23. The reason for

—0. At the transition temperature one would havethis apparent paradox lies in Son’s approximation, which led
g%In(1/e)~1, and thus the order of magnitude of the subse+o the eigenvalues given in E(2.23. When the approxima-
quent terms would bg?(™~1). Therefore only the first two tion is corrected, the eigenvalues instead become

non-trivial terms (h=1,2) would be sufficient to determine

the transition temperature up to the leading order of the pre-
exponential factor. On the other hand, for the present long
range attraction of the QCD model, the logarithm in the ker-

nel of Eq.(2.14 makes then™ term of the expansiof2.25

-2

—— 1+ (2.26

1
|n2— + Cj ,
€

N2

of the orderg®™In®"(1/e) since there are now an infinite with c; il ~1for j>1[16], which explains the appearance of

number of eigenvalues @ which diverge as If(1/¢) in the

the Iogarlthm|c divergence in this term when summing over

limit e—0, as indicated in Eq2.23. Hence the series can- j.

not be truncated af, and a new method has to be em-

ployed to fix both the exponent and the prefactor.

It is interesting to note that a similar non-BCS scaling

behavior of the type indicated in E(L.1) was obtained via a
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mean field calculation of 2D superconductivity at the vonTreatingAX(v,»") as a perturbation, the shift of the eigen-
Hove singularity of the electronic density of stafég]. value in Eqg.(2.23 with j=0 turns out to be

Ill. HHGHER ORDER CORRECTIONS

vo dv [vo dp’
We now come to the question of higher order corrections J J —fo( V)AK(v,v")fo(v')
to the kernel from the perturbative expansion of the quark

propagator and the irreducible vert€x These become im-

2 2_ 2 \2
portant if sufficient powers of the infrared logarithm accom- S 2Am+4) + i) N 1( 9 ) In3£.
pany the coupling constagf. It follows from Eq.(1.2) that m N/ N | 2472 €
Inu/kgTc~1/g at the transition temperature. Thus, if the 3.5

O(g*) contribution toK < is of the formg*In®u/|v, — | or
g*In°ul|vy|, its magnltude relative to th@(g?) term given
by Eq. (2.18 will be g3~ °. The perturbative robustness of The condition for the critical temperaturle0 1, now be-
the exponent then requires th& 3; robustness of the pref- COmMes

actor requiresd<<2. We find with Landau damping that

=2; one logarithm originates from the leading ordergf 2
Eqg.(2.18, and the second from the self-energy of qudiKs
Therefore there will be a®(1) correction to the prefactor. 677

1

€

1+ —|In?

Parametrizing the dressed quark propagator above the ) 5\ 2 1IN 1
Dirac sea as 9 1 31 _
- — — m+4)In°—=1, (3.6
. 4(24772) N ( ) € (8
. i
S+(p0:p): E > (31)
Po=P+1=2(Po.P) the solution of which, for smaly, gives rise to the result

(1.2 with bothc andc’. The logarithmic dependence of Eq.
(3.2 upon the coupling constarg, written in sz, will

N2—1 g2 3 change the prefacta° of Eq. (1.2) to g~ >, However
ReE(po p)|p “~ TN this correction is of higher order.

Other higher order corrections tp have also been par-
tially addressed in the literature. The vertex correction has
been discussed i®] and some renormalization group argu-
ments have been applied to the straight box diagrams of two
gluon exchangg7], which was conjectured to be of the same

we find, to one loop order, that

In ,
dPo 2472 mimax|po|.kgT)

(3.2

while (a/ap)ReE(po,§)|p:M remains finite in the limitp,
—0. For a Matsubara energy=iv,=i(27/B)(n+ 3), we

thus have order as the crossed box diagram. For the case of Landau
. damping, our analysis of the vertex correction is in agree-
S.(n|p)= ! . ment with[9], indicating anO(g) contribution to the pref-
. N°-1 g° actor. We also find that the crossed box diagram is free from

1+ N 24 2In 2| vy vnT Pt p any logarithmic enhancement and so its contribution is sup-
(3.3 pressed relative to the one gluon exchange by a factor of
9°/In(u/ksT) [18]. On the other hand, the straight box dia-
Following the steps which lead from E@®.16) to Eq.(2.22  gram, which corresponds to the convolution of two single
above, the inclusion of this effect amounts to replacing th€g|u0n exchange kernels, is logarithmically divergentTat

reduced kernek'(v,v") by K(v,v") +AK(v,v’) where =0 and contains all the powers of logarithmsTat 0 nec-
- essary to produce the result of the ladder sum implicit in Eq.
, N°-1 g¢? (2.14.
AK(v,v")=— (3.9 . ~
N 2472 The crossed box contributes ¥ ., a term

B= L 4fld f f oy D
_—Eg B cosé . (277)3 MM E,Iw

X[U(=p") ¥y Se(—P+T,iw)y,u(—p)], 3.7

where|p|=|p’|=u, P= 1 (p+p’), g=p—p’ and the summation over Matsubara energy has been replaced by an integral for
T<u. Ignoring the Coulomb propagator, the contribution from the small scattering digtef,<1, and infrared region,

|R:|r|<u and|w|<pu,

/ r+g,iw)[mﬁf)yﬂsF(MF,iw)yVU(ﬁ)]
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B __ 1y " dosing d—wﬂ . f—gi )D-- f+§i )[U(*') Se(P+T,iw)yu(p)]
"T2Y ), R2m (2me T2t Pl Tt LU s B L @)y up
X[u(=p") vy Se(—P+Tiw)yu(—p)], (3.9

is boundedBg<b where

ryr |[ELE_—p?
(r3+xlpD(r® +«lp))(p>+EZ)(p?+E?)

1 0o -
f de | dpdsr (3.9
IR

~ 320742 ),

HereE.=|P+1|/u—1,r.=|*q|/u, p=|o|/u andx=(/4)(m3/u?). Transforming the integration variables frar to
E..r., we end up withb=(1/327*u?) [ odpK(p) where

ror_|ELE_—p?
K(p)=J dE.dE_dr2dr? J , (3.10
TS klph(r2 + klp)(p*+ EZ) (7 + E?)
|
with the Jacobian ~ g*[1 1 1 2 1 "
Ay= == 1+ —|c;— = | N— —— =5 |c,y[In° =,
27 2N N 4 N N m
(3.13
_ 4 2, .2 2
J=[(E+—E)"—4(ri+ro)(E. —E) where ¢, corresponds to the vertex corrections acs
—16(E, +E_)2+16r2r2] 12 (3.11) corresponds to the crossed box diagram in Fig. 2. We
+ - +1 = : :

write ¢c;=g;+Qq; and c,=g,+(,, Where g; and g,

come from the gluon poles and; and g, come from
~28 yp to some the quark polgs, respectively. Tl*ga and q coefficients

are tabulated in Table | for various cases. This presence
of In®u/m will ruin the perturbative nature of the formula-
gon, providedm~T. At this point, the difference between
Landau damping and static screening is clear. To the leading

order of one gluon exchange, the difference merely amounts
|1/3

As p—0, we find thatK(p)—constX p
power of Inp. ThereforeB gz as well asB is free from infra-
red divergences.

For the sake of comparison, we have also examined th
O(g*) corrections with only a static mass gap for gluons,

m< «. This amounts to replacing the magnetic gluon propa o . -
gator(2.17) by to the substitution of the static screening massvi3{f|

with @ the Euclidean energy transfer ahd|<u. This is
not at all the case for higher order corrections, including
two gluon exchange, even though the infra-red sensitive re-
—i gion for the loop momentum of the quark pole contribution
2" 312 in the case of static screening coincides with that of Landau
damping.

The integration over the Euclidean energy can be carried out IV. CONCLUSION

readily by the residue theorem and the remaining integral can | conclusion, we have derived the superconducting tran-
be classified according to the contributions frorn the gluorsition temperature with thermal diagrams in the normal
and quark poles. Denoting ti@(g*) contribution tOy(?H by  phase. This ensures gauge invariance to all orders. We have
A’y, we find to the leading order in ja/m also examined systematically th®(g*) corrections and
found an additional contribution to the pre-exponential factor
of T, in the literature. Unlike the situations with static
screening, Landau damping significantly improves the infra-
red behavior of the higher order diagrams and makes the

TABLE I. Leading log coefficients.

Transverse Covariant X . ’ o
with ES without S with ES without ES perturbative expansion of the prefactor in termsgdégiti-
mate.
01 —1/4 —1/4 0 0 In a forthcoming publicatiofil16], we develop a perturba-
a1 0 0 0 0 tive formulation that enables us to eliminate thél) uncer-
g, 0 0 —2/3 -2/3 tainty of the prefactoc of Eq. (1.1). Since the perturbative
J, 1/16 0 1 0 expansion is given in terms @f or g In g, the application to

realistic situations is in fact rather limited. As was pointed
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